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INTRODUCTION

In [1-3], a solution was given to the problem of an infinite strip of width 2h contain-
ing a longitudinal symmetrically arranged crack of length 2L. Three types of boundary condi-
tions at the lateral surfaces of the strip were considered: contact with absolutely rigid,
smooth bases (this condition is realized in the problem of a periodic system of parallel
cracks of identical length), the boundaries of the strip free from loads, and conditions of
rigid attachment (displacements at the lateral surfaces of the strip equal to zeroc). The
solutions obtained are valid in general form for h/l >> 1 (in [3], for h/Z = 2). 1In [4, 5],
the Wiener—Hopf method was used to obtain solutions of this problem in the limiting case
where h/7 << 1. The present article gives a general solution of the problem under the condi-
tion that the crack is disposed parallel to the boundaries of the strip, but not necessarily
at an identical distance from them. The limiting equilibrium of a crack in a strip in this
case will be determined by the two stress-concentration factors Ky and Kyy, in distinction
from the symmetrical case, where the limiting equilibrium is determined by only the one co-
efficient Ky. For different boundary conditions, the dependences of Ky and Ky are plotted
as a function of the ratio of the distance between the crack and the nearest boundary to the
half length of the crack.

§1. Under the assumption that the deformed state is symmetrical with respect to the
axis x = 0, the general solution d the equations of equilibrium of an isotropic elastic body

(1 — 2v)Au + grad divu= 0, u= u.i + w-j
can be written in the form

w (2, y) = - f [(A -+ Bsy) sh (sy) + (C + Dsy) ch (sy)] cos (sz) ds,
T | (1.1)

—ulz y) = _i_ [(A+ Dsy - vB) sh (sy) + (4 + Bsy + D) ch (sy)] sin (sz) ds,

o8

where v = (3-4)v; A, B, C, and D are arbitrary functions of s. The connection between the
components of the stress and deformation tensors is given by Hooke's law,

Oyy = 2(1 — 2v)"[(1 — v)au/dx -+ vow/dy]l,

O, = 2(1 — 2v) [vou/dz + (4 — v)aw/dy],
Oy = duldy + 8wldz.

(1.2)

The formulas (1.1) and (1.2) contain dimensionless quantities. For simplicity in writ-
ing, the primes are omitted

(1’, Yy, 4, w, h>l — {z, » :‘, w, h) . O-;j=0’ij/p,’ p,=E/2 (1+ V).
We consider an elastic layer —h: < y < h,, [xl < » having a cut, arranged with y = 0
and lxl < 1, under conditions of plane deformation. At the lateral surfaces of the layer
with y = h; and y = —hz, x < », the satisfaction of the following boundary conditions 1is as-

sumed:
The layer is located between absolutely rigid smooth slabs,

va=0’w=0; (1.3)

the boundaries of the layer are free,
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Oy =0, 0, =0; ' (1.4)

the bases of the layer are rigidly fixed,

=10, w=0, (1-5)
At the surface of the cut with y = 0 and lxl< 1, :
Oy = —P(@)/y 0y = —1(z)/p. (1.6)

In the layer —h, < y € h; we separate out two regions: the first region 0 <y < h,,
|x| < « and the second —h, <y =0, |x| < =. Values related to the first region will be de-
noted by the subscript 1, while those related to the second region will be denoted by the
subscript 2. The form of the solution (1.l1) will be common for these regions. Thus, to de-
termine the eight unknown functions A;(s), Bj(s), Ci(s), and Dj(s) (i = 1, 2) we have six
boundary conditions: four at the lateral surface of the strip and two at the surface of the
cut. In addition to the boundary conditions, we also must satisfy the conditions of the
continuity of the stresses for y = 0 and the continuity of the displacements for y = 0 and
[xl > 1:

Gy —O

wy 2”":?)’} for {z|< =,
Cyy—0Cpoy = :
1xy 2xy (1.7)
w,—w2=o,} for |z|> 1.
uy —ug =0

We solve the problem with the boundary conditions (1.3). In the case of the use of the
boundary conditions (1.4) and (1.5), the solution is carried out completely analogously. Us-

ing (1.3) and the first pair of conditions from (1.7), we obtain

Ay ="' [B19; — By®y], Ay =91 [Bx‘Pi - Ba‘l’é]v

Ci =V [Bi9s + By@sl, Co=v"![Byol + Buoi)],
D; = —Bicth Hy, Dy = By cth H,,

where H; = sinh,; H, = sinh,; ¢, = ¢, (H,, H;) = H,cosh H,'sinh~'H, + cosh H,'cosh H,; ¢, =
¢ 2(H;, Hz) = Hycosh H,*sinh='H, + 2(1—v)cosh H,;-cosh H, + (1—2v)cosh®H,*sinh H,*sinh~1H,;

Py = Qg4 (Hl, Hz) = HzSiﬂh'H;Sinh—le + cosh Hz'Sinh Hl; Dy = Qy. (H;, Hz) = H;Sinh-stinh"l"
H;—2(1—v)cosh H,*sinh H,;(1-2v)cosh H,*sinh H,; Yy = sinh(H, + H,), and the functions ¢;
(i=1, 2, 3, 4) are constructed according to the rule

q): =@ (Hy, Hy).

The remaining mixed boundary conditions (1.6) and the second pair of conditions from (1.7)
can be written using only the functions B; and B, in the form of pairwise integral equations:

2 [ o819} — Buwa] 9 cos (s2) ds = — p (211,
1 . z<1,
—i— § s [B193 + By®s] ¥~ sin (sz) ds = 1 (2)/ps (1.8)
4(1—v)a—! j‘ [B, — B,] cos (sz) ds = 0,
0 x> 1.

41 —vyr1 _S‘ s[B, cth H1 + B, cth H,] cos{sz)ds =0
0

The last equation corresponds to the condition 3u;/dx — 3u,/3x = 0 for y = 0 and |x| > 1.

§2. It is obvious that the last two equations of system (1.8) can be rewritten in the
form :

1
By () — B, (s) = b[ w, (z) cos (sz) de,
: (2.1)
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1
sLB, (s) cth Hy -+ B, (s) cth H,] = j' g (x) €08 (z) dz,
¢

where the functions wo(x) and uo(x) are proportional, respectively, to the functions w;(x,
0) — wa(x, 0) and Ju,/3x — duz/dx for y = 0.

Using the asymptotic behavior of the displacements in the neighborhood of the tip of
the crack, we can represent wo(x) and uo{x) in the form of integrals of some functions ¢(t)
and y(t), continuous in the segment [0, 1] {6],

1

1 1
w - ’L'qJ(T)d‘t, - § V(v de 6=—S (1) d .
o(2) )Ve—s o (@) = s +g Vet ) b (@) i (2.2)

£
where the constant § is determined from the condition m s¢d§d~=0 3 the latter assures

satisfaction of the equality u,(x, 0) = uz(x, 0) for x 2=l

Substituting (2.2) into (2.1), we obtain

1

Bl(s)—Bm)=%§w(w>lo<sr>dr——-—“2—mo<s>, (2.3)

1

s [By (5) cth H; + B, (s) cth H,] = 32‘_[6]0 (s) + s ¥ (1) o (57) dr] = % ¥, (5).
8

From this we have

By (s) = 5 Iy [, () ™+ @y (s) oth 2],

By(s) =5~ Fy Wy () s~ — Dy (s) cth Hyl, Fo = cth Iy + oth My,

We substitute these expressions for B;(s) and B.(s) into the unused first two equations of
system (1.8) and for x < 1 we.obtain

x

[ [Dg () 12 (5) + Wo (5) 1 () sim (50) ds = — | p (2)/p-dm,
6)[ 0 (8) fa (5) + Yo (5) f1 ()] sin (sz) ds (}P(x) x (2.4)

oo

f (o (5) £4 (5) + Wo () F5 (5)] 5 sin (s2) ds = T (@),

where the first equation from (1.8) is integrated with respect to x within the limits 0 to
X, and

f1i8) =2 (svFo) ™! [0 — @],

Fa(8) =2 (Fo) 7! [¢] cth H, 4@, cth Hyl,

fs () = 2 (s%Fo) ! [9f + @a], Fa(8) = s (o).

For large values of s the function f,(s) -~ O(e_Hl, e'H’). Inplace of the functions

fa2(s) and f3(s), we introduce ga(s) and gs(s) using the equalities

f2 () =14 83 (s), g5 (s) ~ O (He™Hr, Hpe™H2),
sa (8) =1+ 85 (s), €3 (s) ~ O (HyeHe, Hye™ M),

Into the integral equations determined in this manner, we substitute the functions f,(s) and

fa(s) and expressions (2.3) for ¢o(s) and ¥o(s). Changing the order of the integration and
using the known integral
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S‘ Jo (s7) sin (sz) ds = (2 — )12 ywithz > 1,
0

we obtain two Abel equations,

x

S‘ @A gy, j V(DT _ g, (),

Va? — 12 z% — 12

where .
x 1 oo . - R
H(z) = — p—t j‘ p () de— { 1¢ (1) dv S g2 (8) Jo(s7) sin (sz)ds — 5 Y (1) dv s‘ f1(8) [T o (s7) — Jo (s)] sin (s2)ds;
b 0 o 0 0

o0

i oo H
Hy (x) =7 (2)/p— 5 P (v)dt 5. ga (8) [Jo (sT) — Jo (8)] sin (sz) ds — S 9 (1) dfj 8f4 (5) Jo (s7) sin (sz) ds,
0 i 0 0

whose solutions have the form

() = I H (3)ds _§_=_3’Ho(x ) dz

Vp.._zz 'Vtz__xz

Without loss of the genmerality in the discussion, in what follows we assume t(x) = 0 and

p(x) = po = const. Differentiating H(x) and Ho(x) with respect to x and carrying out calcu-
lations, we obtain a system of integral Fredholm equations of the second kind:

i 1
90 () + [ 9 (0 Ky (x, v+ [ 40 (0 By (5, 1) = — VT,
’ 0 (2.5)
R | 1 .
o)+ [ b @Ky (r ) dv+ @) Kats, nar=0, 0<, v <1,
0 0

where

@0 (&) = @ (1) /255 03 o (8) = b(0) £~ /257 ms

Lol

K, (t,t)= Vi g.sg'2 (8) Jo (st) Jq (s1) ds;

8 o

K, (v )= VT sjs (1 (57) = To (9] T (o) ds;
0

Ky (5, 0) =V [ 585 () 170 (61) = To (910 (st} d;
0

Ky, t) = Vi g' 2f(s) Jy (s1) S (st) ds.
0

With the use of the boundary conditions (1.4)(the boundaries of the layer are free), we ob~
tain the same system of integral Fredholm equations (2.5), in which

— 8 (s) = 2($F,)"" {sh? H, sh? H,sh® (H, + H,) -+ H3HIX
X(sh2H; + sh®H,) — H} sh®H, ch H, — H3sh3 H, ch H; —
— HZ sh? Hy (sh? H, -I- ch® H, sh? H, + sh H, sh H, ch H, ¢h H,) — (2.6)
— H2sh* H, (sh? H, - ch? H, sh® H, - sh H, sh H, ch H, ch H,) +
+ H,H, (H? sh® H, + H? sh? H, + H, sh? H, sh H, ch H; +
+ Hysh? Hy sh Hych Hy — 2sh? Hy sh2 Hp) | + 1,
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fu(s) = 2Z(sFo) "t [ B sh? Hy — H}sh2 H,],
g5 (s) = 2F; [ H,H, (Hy - H,) — Hysh® H, — H, sh* H, +
+ H}sh H, ch H, -- HY sh H, ¢h H, — sh H, sh H, sh (H, + H,) ]—1,

fa(s) =sf1(s), Fo=[(H,+ H,)*— sh? (H,; + H,)},
= H,sh? H,+ H, sh* H, }- sh H, sh H, sh (H, + H,).

§3. The condition of the limiting equilibrium of the crack is completely determined by
the stress-concentration factors Ky and Kyp at the tip of the crack with a singularity of the
order (Ax)~*/? (Ax << 1). We shall show that the components of the stress tensor have a sin-
gularity of the first order, and we shall find the coefficients for this singularity. Using
the solution obtained — (1.1) and (2.3) — we can write

Oy (0 = —2 [ [¥e(5) s (5) + D (s) fu ()] cos (s2) ds,
0 .

fs ()= (s9F) "' [H,ch Hysh !  H, —~Hych Hysh— 1 H, —
sh B
| ——ZchH,chH,——Zch‘*HlsTlT:],
fo ()= ($F)~ 1 [H, chiH, sh—! H, cth H, + H, ch Hy sh—! H, cth H; — F, ch H, ch H,]

In this expression and in expressions (2.4) for Oyy and'cxy, separating out the princi-

pal terms in the functions fi(s) (i =1, 2, ..., 6), we write

o, (@, 0)2 f (2, (5) + sDo (5)] cos (sz) ds,

b (3.1)

0yy (@02 [ 50 (s) cos (s2) ds, 0, (2,0 — @, () sin (s2) ds.
0 0

In the expressions for ¢,(s) and ¥,(s) we also take only the main integral part, since it
can be shown that the remaining terms do not participate in the formation & the singularity:

1 1
O, (s) = s‘ P (1) Ty (s7) dT = s [cp(1)!1 (s) — g @’ (1) T4 (s7) d‘t]e/.
0 0 .
sl T () — ..., Wols) 2 00p(s)+ ...

Substituting these relationships into (3.1), we obtain

6, (2, 0) 2 @ (1) | 7y (s) cos (sz) ds + 26 { 7y (s) cos (s2) as,

0 0

o 00

0y, @0~ 1) f J1(s) cos (s2) ds, o, (w,0) 2 —b ( Ty (5) sin (sz) ds.
b b

Now, using known integrals [7], we can write an asymptotic representation of the components
of the stress tensor (g << 1) at the point x = 1:

0ol 0) > —() {22 — 1172z + Vet — 1),
Oyylz, 0) & —@(D) [22 — 11713z + Va¥ — 1),
0, y(z, 0) —b[x? — 1]722 for x =1 &;
0,,(7, 0) 22 28{1 — 22]7272 + (1),
0yy(2, 0) 2 (1), O, y(z, 0) 20

for x = 1 —e. From this, it can be seen that the expressions have the required singularity
in the neighborhood of the point x = 1. The coefficients with this singularity, i.e., the
stress-concentration factors, are expressed in terms of the solutions of the integral Fred-

holm equations (2.5):
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Ky =— poo (1) V72, Ku—pon/ZS (1) Vat.
0

Let us examine two limiting cases in more detail. The first, where the crack is located
symmetrically in the layer, i.e., h; = h,, and the second where the crack is located near
the boundary of a half space, i.e., hy > ©. For h, = h, = h, Ko(1, t) = Ky(1, t) = 0; con~
sequently, y(t) = 0 and the problem is reduced to the solution of one integral equation for
the function go(t):

1

@0 () + g Qo (1) Ky (1, t) dv=—V7T,
0

Kyo(t,t) = VT | s [Hsh 2 H + eth H — 1] Jq (st) Jo (s%) ds,
0 (3.2)

T H? —sh*H
Kpt,ty=—Vn1 tSs{H—i—sthchH +1}Jo(st)fo(st)ds,
0

H? -+ (1 —2v)2+ yeh* H .
s[ _: ((>h " sh)H+—?H — 1} Jo (st) Jo (s7) ds,

Kgo(tit) =Vt

St 8

where the first kernel corresponds to the boundary conditions (1.3), the second to the con-
ditions (1.4), and the third to the conditions (1.5). The results of a numerical calcula-
tion of Eq. (3.2) with the kernels Kio(t, t) (i =1, 2, 3) are shown in Figs. 1 and 2 by the
curves 1 and in Fig. 3 by the curves 1-4, plotted for the Poisson coefficient v = 0.15, 0.25,
0.35, and 0.45, respectively. Curves 1 in Figs. 1 and 2 coincide completely with curves
plotted in accordance with dependences given in [3]. The curves in Fig. 3 depend to a con-
siderable degree on the Poisson coefficient v. With an increase in v, the curves converge
more rapidly to the asymptotic formula [5]

Ki=p¥ 1 —2v (1 —vyWhizm, (3.3)

valid for h << 1. Thus, for v = 0.45, a divergence from values calculated using formula
(3.3) starts with a ratio h/l = 0.5, while the asymptotic formulas [4, 5]

K1 = po} hi2m,

K1 = poV/6R/ [0.1267 + 0.67331°1 + 0,502 4 (0.0104 — 01267471 — 0.3367A°% — 1/6.173)/(0,6733 + A-Y)], A = h/l,
corresponding to the boundary conditions (1.3) and (1.4) hold up to a ratio h/l < 2 with an
accuracy of 1-2%. 1In [3-5], a complete solution is given to the symmetrical problem of a
crack in a strip, with the exception of the case where the boundaries of the strip are rigid-

ly fixed, i.e., the boundary conditions (1.5) are satisfied. In this case the solution for
0.5 < h/l < 2 is practically indeterminate.

Where h, > «, the crack is located near the boundary of the half space. In distinction
from the symmetrical case, here neither of the stress—concentration factors K and Kj1 is
equal to zero, and the total system of Fredholm equations (2.5), (2.6) must be solved with
the boundary conditions (1.3) and (1.4). If the boundray of the half space is rigidly fixed
(for y = h, u=w = 0), we arrive at a system analogous to (2.5):

1 1 ,
w®—{omKEna—{wemKEya=VF
0 0

1

i
Yo (t) — .g. Yo (1) Ky (1,8) dT — é. Qo{T) Ky (1, t) dv =0, (3.4)

o0

Ky (t,1) = S l hit; "lp’;of J N s 1] Jo (57) Jo (st) ds,

K, (t,0),=Vt S‘ o 1s ; fr Jo (st) [T o (57) — T o (s)] ds,
‘6 .
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Ky(v,t) =Vt \ P iz—{o—f‘ - 1] Jo (st) [Jo (sT) — T (5)] ds,
0 _

oo

Ky(t.ty=Vu g2s2 fif%l)i;%ifé Jo (s7) Jo(st) dsy

where

fo= B yeh H 4 (1 — 29 Fo =y

fo=H—ychHsh H; y= H -+ (1 —2v) — yeH ch H;
fs=ych*H — (1 —2v); fy= H +4 2(1 — v) -+ veH sh H;
fs=—H —2(1 —v) + yeH ch H.

Equations (2.5), (2.6) (as h > ®), and (3.4) were calculated numerically. The results of
the calculations are given in Figs. 1, 2, and 4. 1Imn Figs. 1 and 2, curves 2 and 3 relate,
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respectively, to KI/Eypo/f and KII/EYPO/Z. Curves 1-4 in Fig. 4 represent KIJEYPQ/f (upper)
and KII/E/po/f (lower), calculated for v = 0.15, 0.25, 0.35, and 0.45. As can be seen from
the dependences given in Fig. 4, the effect of the Poisson coefficient v starts to appear
with h/7l < 0.5, i.e., only with an approach of the crack to the boundary of the half space.

In Fig. 1, curves 4 and 5 illustrate KI/E/po/T and KII/Eypo/f, calculated using Eqgs.
(2.5) with h, = h and h, = 2h, which corresponds to a crack located in a strip of width 3h,
at a distance from the upper boundary equal to one third of its width. As can be seen from
the curves given, for small values of h/7Z (h/l < 1), the value of the ratio KIIJE/po/Z varies
only insignificantly, and the value of Ky is well described by the formula

K1 =YV 3h/4m .p,,

i.e., it behaves in the same way as in the case of a system of parallel cracks, arranged at
an identical distance 3h apart.
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